Paper

Ternary Cellular Automata with Three Neighbors
YOSHINORI NAGAI?, ADRIAN ANKIEWICZ?, and TED MADDESS®
(Received 25 Dec 2002, Revised 24 Jan 2003)

Synopsis: The class of cellular automata describing by three symbols is named Ternary Cellular Au-
tomata. A general rule description for these Ternary Cellular Automata is presented. Since Ternary Cellu-
lar Automata include Binary Cellular Automata, the Ternary Cellular Automata can be explained by a
scheme of interactions between different kinds of Binary Cellular Automata. Some interesting spatio-tem-
poral patterns in Ternary Cellular Automata are shown.

1. Introduction

Ternary cellular automata discussed here are cellular automata with three level states. A
group of neighboring cells determines the next time state level of the centrally sited cell. In
the present paper, we restrict our consideration to 3 neighbor cases. Thus here we treat the 3-
neighbors 3-level cellular automata (CA;3) only. A few examples of CA;3 had been investi-
gated, namely, patterns based on some totalistic rules (Wolfram [1]) and some other patterns
based on totalistic rules are seen in a book [2]. We investigate CA;3 more systematically. In
particular, we have studied the rule description for cellular automata in a general sense using
a matrix form in [3] and recurrence formulae in [4]. We show the CA;3? rules in section 2.

The temporal development of cell states for CA;? is described by the following recur-
rence equation,

Sit + 1) =1(S;i-1(t), Si(V), Si+1(t)), )

where Si(t) signifies the i-th cell state at time t. We describe a mapping f: (S;—(t), Si(t), Si+1(t))
—Si(t+1) as a ‘“‘rule’’. The total number of CA;3 rules is 3% where W =33, i.e., 327. Hence a
complete numerical study of temporal patterns for all CA33 rules would be difficult. Wolfram
had performed a complete study of the temporal patterns for all the rules of 3-neighbor 2-
level cellular automata (CAZ;) [5], since the number of rules is so much smaller. The tem-
poral development of cell states in a cell array, i.e., temporal pattern, is called the ‘‘spatio-
temporal pattern’’. Thus we analyzed CA;3 rules to study the CA;3 spatio-temporal patterns.
We then revealed that the rule structure of CAj3 can be illustrated schematically as in Figure
1. The {—1, 1}, {—1, 0}, and {0, 1} in Fig. 1 mean binary input triplets such as e.g.
(=11 -1)for{—1,1},(0 —1 —1) for {—1, 0}, (110) for {0, 1}. All the input triplets are
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Figure 1 Schematic Description of CA;* Rule Structure

tabulated in Table 1. The special input triplets (—1 —1 —1), (0 0 0), and (1 1 1) are bridges
between two CA;2 systems. The central zone in Fig. 1 denotes ternary input triplet of map-
ping, i.e., (Si—1(t), Si(t), S;+1(t)). As expected, the CA;?® includes CA;? of binaries {—1, 1},
{—1, 0}, and {0, 1}. This inclusion relation can be extended to the general case, that is
CA,L'SCA,L where L>L" and m>m’.

As expected from the scheme shown in Fig. 1, we found local-binary CA patterns where
complicated patterns of CA;2 are separated by gray stripes (Figure 2). In principle, there
should be globally ternary patterns, i.e. triple state levels coexisting everywhere in spatio-
temporal patterns. We also found a moving soliton in CA;3, namely, the unit (1 — 1), which
moves to the right in the array (0...0 1 —10...0), and the unit (— 1 1), which moves to the left
in the array (0...0 — 11 0...0) [4]. Examples of spatio-temporal ternary CA patterns of Wol-
fram type are shown in section 3. We briefly summarize the present study for Ternary Cellu-
lar Automata in section 4.

2. Rule Description for Ternary Cellular Automata of Neighborhood Three

As stated above, the rule for CA;? indicates the mapping of an input triplet state to the
output state of the center cell, as shown in eq. (1). For the ternary case, the number of input
triplet states is 3= 27. The output state takes one of three levels, so that the number of possi-
ble mappings from input triplet states (S;_,(t), Si(t), Si+i(t)) to output cell state S;(t+1)
amounts to 327=7.6256 x 10'2. The output cell states are symbolically denoted by r, for k-th
state of the input triplet. We assume that state levels are assigned to the three integers { — 1,



Memoirs of the Kokushikan Univ. Center for Information Science. No. 24 (2003)

0, 1}. Each ry therefore takes one of these three integer values, so that r,e{—1, 0, 1}.
These are tabulated (Table 1). The output states for essentially ternary input are assigned to
I's, I's, T12, I'16, 20, and ry. The outgoing arrows from triplets of the central zone in Figure 1
imply outputs rg, I, I'12, I'1s, I20, and ry,. The bridging input triplets between any two of three
CA;2 systems are ry, 4, and ry;. The output components of rules in three CA;2 are

{ry, 13, 17, T, 19, T2y, L5, Iz7}  for {—1, 1} in CA;2 class, )
{r1, 13, 14, 15, T10, Ty, 113, T1a} for {—1, 0} in CA#? class, A3)
{r14, T1s, T17, Tig, 23, T2, I26, Ty} for {0, 1} in CA;2 class. )

Table 1 gives the complete classification of output components of CAs3.
Following our previous studies [3,4], the rule for CA;?, that is the mapping of input
triplet states to an output state level, is expressed as follows:

£(Si-1(1), Si(t), Si+1(t)) =Xo00 + X100Si - 1(t) + X010Si(t) + X001Si+1(t)
+ X110Si - 1(1)Si(t) + X101S;i - 1()Si + 1 (1) + X011 Si(®)Si+ 1 ()
+ X30057- 1(t) + X020S2(t) + X257+ 1(t)
+ X21087- 1(0)Si(t) + X201SF- 1(1)S; 4 1(t) + Xo21S2(1)S; 4 1(2)
+ X120Si- 1(1)S2() + X102Si - 1) S+ 1() + Xo12Si(t) S+ 1(8) + X111 - 1(H)Si()S; +1(1)
+ X220ST- 1(1)S2() + X202SF- 1(£)SE+ 1(t) + X022S2(1)SF+ 1(t)
+ Xo11SE- 1(0)Si()Si + 1(1) + X121Si - 1SS+ 1(t) + X112Si - 1(D)Si(D)SF4 1 (1)
+Xo21S7- 1()SE()Si 4 1(8) + Xa1287- 1()Si(H)ST1 1(1) + X122Si - 1()SAH)SE 1(1)
+ X228 1()SA(1)SE (1) ©)

=2, 2p2 X oy ST 1(D)SA()ST 1 (1) ™

=11(S7-1(0) — Si—- 1®)(SA) — Sit)) (S 1(1) — Si+1(1)) /8
+1,(8E1(0) — Si- 1)) (S — Si)(A — S (t) /4

Table 1 Rule Components Assignment to Input Triplets

Input Triplets Output Input Triplets Output Input Triplets Output

Time t t+1 Time t t+1 Time t t+1
Si-1 Si Si+1 S5 Si-1 S; Si+1 S Si—1 S Si+1 S
-1 -1 -1 ¢} 0 -1 -1 Io 1 -1 -1 I'io
-1 -1 0 Iy 0 -1 0 I 1 -1 0 Iy
-1 -1 1 I3 0 -1 1 I 1 -1 1 )
-1 0 -1 Iy 0 0 -1 I3 1 0 -1 Iy
-1 0 0 I's 0 0 0 T4 1 0 0 I3
-1 0 1 I'¢ 0 0 1 Is 1 0 1 Ty
-1 1 -1 Iy 0 1 -1 Iie 1 1 -1 I'zs
-1 1 0 Ig 0 1 0 Iy 1 1 0 I
-1 1 1 Iy 0 1 1 Is 1 1 1 Iy
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+13(S7-1(8) — Si— 1())(SAM) — Si(t))(S7+ 1(t) + Si+1(1))/8
+14(S7-1(t) — Si— (D)1 — SAM))(SE+ 1 (1) — Si+1(1)) /4
+15(SE-1(1) — Si—1())(1 — SAM)(1 — SE1(1)/2
+16(SF-1(1) = Si - 1(D)(1 — SE)(SE4 1(D) +Si+1(1) /4
+17(SF- 1(8) — Si - 1(D)(SA(M) + Si())(SF+ 1(t) — Si+1(1))/8
+15(SE-1(1) — Si - 1(D)(SAM) + Si(H))(1 — S (1)) /4
+1o(SE- 1(t) — Si— 1(D)(SA(E) + Si(1))(SF+ 1(1) + Si+1(1))/8
+ r10(1 — SE_1())SE() — Si)(SE 1(H) — Si+1(1)) /4
+r(1 = SE(O)SAM) — Si))(1 — S (1) /2
+112(1 = SE((D)SM) — SIS+ 1(1) + Si+1(1) /4
+113(1 = S 1(O)(1 = SER))(SE1(H) — Si+1()) /2
+114(1 = SE1(0)(1 = SA))(1 — St (1)
+115(1 = SE_ (D)1 — SRS 1(1) + Si1(1) /2
+116(1 = ST 1(D)(SAM) + Si(0)(SE+ 1(1) — Si+1(t)) /4
+117(1 = SE((D)SAE) + Si(t)(1 — S 1(1) /2
+115(1 = S (D)(SAM) + SiD)(SF+1(t) + Si41(1)) /4
+119(SE- 1(t) + Si— 1(®))(SA() — Si®))(SF+ 1(1) — Si+1(1)) /8
+120(S7- 1(8) + Si— 1(D))(SA(M) — Si())(1 — S (1)) /4
+12(S7-1(1) + Si— 1 (1) (SE(E) — Si®))(SE4 1() + Si+1(1)) /8
+12(SE- 1(1) + Si— 1(®)(A — SAD)(SE 1(1) — Si+1(1)) /4
+123(8F- 1) + Si—- 1)1 — SO — S 1(1)) /2
+124(S7-1(1) + Si— 1(®)( — SAD)(SE 1(1) + i+ 1(1)) /4
+125(S7- 1(1) + Si— 1())(SE(E) + Si(0)(SE4 1(t) — Si+1()) /8
+126(ST- 1(8) + Si— 1(D)(SAM) + Si(1))(1 — SEi 1(1)) /4
+12(S7-1(t) + Si— 1)) (SE() + Si(1))(SE+ 1(t) + Si+1(2)) /8. ®

Note that S;?(t) means the product S;(t) X S;(t). Each term of eq. (8) behaves in a point-wise
way. In other words, the function factor in each term, which is multiplied by rule component
., ke{1, 2, 3, ..., 27}, takes value 1 only for the proper particular input triplet specified by
the function factor.

Equivalency of formulae (6) and (8) leads to the fact that the x4, coefficients are deter-
mined by the rule (ry, 1y, 13, ..., Iy7). The description of the x,, coefficients in terms of the
rule components ry, 1y, I3, ..., I';7 are obtained by this equivalency (see [6] for explicit forms).
Here we present a modified description of the x,4, coefficients. In the modified description,
the coefficients {Xg0, X100, X010» Xo01> X110 X101> Xo11, X111} require rule components ry, r,,
I3, ..., Iy; only, while the other x,5, coefficients can be described by partly using the
coefficients {Xg0, X100, X010> Xo01»> X110> X101, Xo11, X111} in addition to the rule components ry,
Iy, I3, ..., I7. The modified description of x,g, is as follows:

X000 =T14, X100=(—TIs5+153)/2, Xo10=(—111+117)/2,
Xoo1 =(—T13+115)/2, Xi10=(r3— I3 — Tz +15)/4
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X101 = (T4 —Tg— T2+ 124)/4, Xon1=(T10—T12—T16+115)/4,
X200= (I's +T23)/2 — X000, Xo20=(T11+T17)/2 — Xo00,
Xo02= (13 +T15)/2 — Xo00, Xz10=(— T2+ Ig—T20+T2)/4— Xo10,
Xa01 = (—T4+T6— T2+ I24)/4— Xo01,
X120=(— T2 —Tg+ Iy +156)/4— X100, Xo21=(—T10+ 12— T16+I15)/4— Xoo1,
X102 =(— T4 =T+ T2 +124)/4— X100,
Xor2=(—T10— T2+ I16+T18)/4—Xo10, X111 =(—T1+T3+T7—To+T1o— Iy —I5+12)/8,
X220 = (T2 + I'g + 20+ 26) /4 — X200 — X020 — X000s X202 = (T4 s+ 22+ T24) /4 — X200 — X002 ~ X000
Xo22=(T10+ T2+ T'16+T18)/4 — X200 — X020 — X000
X211 =(T1 —T3—T7+ To+ 19— T2 —Ta5+127)/8 — Xon1,
X1 =(f; — I3+ T7—To—T19+ Iy — I25+T27)/8 — Xyo1,
Xy12= (T + T3 —T7 = To— 19— Iz + s +137)/8 = Xy,
Xp21=(—T;+TI3—T7;+To—TI19+ Iy —TI25+T)/8
+(rs—Tg+ 10— T3+ 16— I3+ T2 —T24)/ 4+ Xooy,
Xp2=(— T = I3+ 17+ T9—T19— Ty +1I5+127)/8
+(r;— 13+ 19+ I3 — Ty —T1g+ oo — I26)/4 + Xoro,
Xi2=(—T;—I3—T7—Tg+T1o+ Ty +1Is5+1)/8
+ (r+ 14+ 16+ rg— 20— oo — o4 —T26) /4 + X100,
Xp22= (T + I3+ T7+ o+ 1o+ Iy + Ias+T27)/8 — Xp20 — X202 — X022 — X200 — X020 — X002 — Xo000-

®

As can be seen from the rewritten relationships (9), the coefficients X519, X201, and X;59 can
be rewritten in terms of the coefficients {Xo00, X100, X010> X001> X110> X101> Xo11, X111} only. We see
the relation between subscripts for right and left side terms, namely, 210 to 120 (110+010)
for X519, 201 to 102 (101 +001) for x,9;, and 120 to 012 (011 + 001) for x;5. Then X519 and X;5
are permuted, and that x,y; has mirror symmetry. We can also see the relationship between
rule components and x coefficients for CA,2 of {—1, 1}. The triplet product terms of eq. (6)
plainly disappear when one of input triplets takes the value 0. As long as the input triplet
takes one of state levels — 1 or 1, the higher-order terms contribute to the determination of
the output level.

To see the {—1, 1} binary feature explicitly, we can rewrite the expression of rule for
CA;? in the following form:

£(Si-1(t), Si(t), Si+1(t))="fo+1(Si—1(t), Si(t), Si+1(t))
+SE1(®)SER)SE 1 (Of £ 1(Si-1 (1), Sit), Si+1(t)), 10)
where fo.1(Si-1(t), Si(t), Si+1(t)) and f.(S;-1(t), Si(t), Si+1(t)) are defined as:
£0+1(Si=1(t), Si(t), Si+1()) =r14(1 = SE1(1))(1 — SA())(1 — SE (1))
+((—15+123)/2)Si- 1 (1)1 — S()(1 — SE1(t)
+ (=111 +117)/2)(1 = S 1(©)Si(t)(1 — SE (1)
+((—r13+115)/2)(1 = SE- (1)1 — S2())Si+1(1)
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+((rs+123)/2)SE- 1 () — SA)(1 = SZ 1 () + (11, + r17)/2)(1 —SE1(t)SAt)(1 — S 1(t))
+((r3+ fls)/z)(1 S (1)1 — SA(L)SE 1(t) + (T2 = Ts — Tao + I26)/4)Si - 1(£)Si(t)(1 — SP+ 4(1))
+ ((rs— 16— T2+ 124) /4)S; 1 ()(1 — SA(1))Si+1(t)
+((r10— 12— 116+ 118)/4)(1 — SE_1(1))Si(t)Si+1(t)
+((— 12+ 15— 159+ 126)/4)SE_ 1 (D)Si(t)(1 — S (1))
+((— 14+ 16— 12 +124)/9)SE 1 ()1 = SA(L)Si+1(1)
+((— 12— 13+ 120+ 126)/4)S; - 1()SA()(1 — S44(1))
+((— 110+ 12— 116+ 118)/4)(1 — ST 1(£))SA(L)S; +1()
+((— 14— 16+ 122+ 124)/DS; - 1 (t)(1 — SA(1))SH (L)
+((— 10— T2+ 116+ 118) /4)(1 — SE- 1 (1)Si(t)SE+ 1 (1)
+ (2 15+ 120+ T26) /4)ST_ 1 ()SA(t)(1 — S24 4 (1))
+ ((ta+ 16+ 12+ 124)/4)SE 1 (D)(1 — S2(1)) S+ 1 (t)
+((to+ 112+ 116+ 115) /4)(1 — SE_1(1))SA(E)SE 1 (1), 11

£21(Si-1(®), Sit), Si+1(t) =(1/8)(— 1y +r3+17—T9+ 19— I35 — 25+ I27)Si— 1 ()Si(t)Si 1(t)
+(1/8)(r; =3 =17+ o+ 19— Iz — 25+ I2)Si(t)Si+1(t)
+(1/8)(ry — 13+ 17— 9 — 19+ Iy — 25 +127)Si— 1(£)Si+1(t)
+(1/8)(ry + 13— 17— 9 —r19—Ty1 + 25 +127)Si— 1(D)Si(t)
+(1/8)(— 11+ 13— 17+ 19— TI19+ Ty — o5 +127)Si+1(t)
+(1/8)(— 11— 13+ 17419 —T19— Iy +Ip5+127)Si(t)
+(1/8)(— 11— r3—17—T9+TI19+ Iy + 25+ 127)Si— (1)
+(1/8)(r; + 341,419+ 119+ Iy; +Tps+1y7). (12)

Note that f.;(S;-1(t), Si(t), Si+1(t)) refers to binary {—1, 1} CA rules and fo. (S;i—1(t), Si(t),
Si+1(t)) denotes the remaining terms of the rule for ternary CA (CA33) after collecting binary
{—1, 1} behavior terms. It is known from the expression (10) that the binary term f.;(S;_;
(1), Si(t), Si+1(t)) always drops out when at least one of term in the input triplet (S;_;(t), Si(t),
Si+1(t)) takes the level 0. In other words, the binary term f.;(S;_(t), Si(t), Si+1(t)) survives
only when all the members of the input triplet take one of the levels — 1 or 1. The property
given by collapsing to CA,? rules occurs by the state level distribution in the cell array.

3. Spatio-Temporal Patterns Appearing in Ternary Cellular Automata

We firstly encountered ternary cellular automata in a study of discrete effects resembling
those of the nonlinear Schrodinger equation (NLSE) [3]. The binary blocks 1 —1 and — 11 in
the ““sea” of 0 s move to the right and the left directions respectively, and they pass through
each other after collisions [3], like solitons of the continuous NLSE, when the rule satisfies
the condition that ry=ryg, r3=ry9, Is=Tr13= — 1, I¢=Ty, Ig=T16=0, Tg=Tps, [13=T3=1, I'1s=
153=0, r;g=r2, r4= —1, r;; =1, 1,4=0, 123 = — 1, 1,4=0. Since we had the general scheme of
CA rule description [3,4], we can investigate cellular automata in a systematic way.

As expected from Wolfram’s works [5], many rules of CA;3 give apparently similar
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spatio-temporal patterns. We have been carrying out a numerical study for the patterns of
ternary cellular automata as ternary texture stimuli for visual science studies [6]. The entire
numerical study of ternary cellular automata has not been completed due to the large number
of CAj3 rules. Here we show examples of spatio-temporal patterns from the study of ternary
textures [6]. The examples presented are a small subset of the ternary textures that we have
investigated. In the texture study, a recurrence rule of the input triplet to the output pixel is
applied to an initially-random ternary two-dimensional pixel array. Since a texture is a two-
dimensional object, two-dimensional (2D) geometry may be considered for the recurrence
rule. We call a 2D recurrence rule a ‘“‘glider’’. The Wolfram type cellular automata (Wolfram
CA) produces spatio-temporal patterns by 2D recurrence rules if one-dimensional space and
time (1D space, time) is to be assigned to two-dimensional space (x, y). The Wolfram glider
in our texture study is identical to the recurrence equation (eq. (1)). The textures given by the
Wolfram glider therefore are the spatio-temporal patterns of a Wolfram CA with random in-
itial configuration of cell states and random boundary conditions.

Figure 2 shows examples of spatio-temporal patterns of ternary Wolfram CA. As seen
from the subfigures, the well-known Wolfram CA patterns are seen in a localized way. These
spatio-temporal patterns are obtained by the following rule:

£(Si-1(), Si(t), Si+1(D)
= X110Si- 1(E)Si(t) + X101Si = 1(D)Si 4 1(t) + Xo11Si(t)Si + 1(£) + X220S7- 1 ()SA(E)
+ X211 SE 1(OSIO)Si+1(t) + X121Si - 1(DSEO)Si 1) + X112Si - 1 (DS (DS 1 (1)
+ X025 1(£)S4 1(t) + X022S2(1)SH+ 1 (1) + X222ST- 1 (H)SA()SE+1(2) (13)
=X110Si- 1(t)Si(t) + X101Si - 1(1)Si+ 1(1) + Xon1Si(t)S; +1(t)
+ 871 (®)SAR)SE 1) X112Si - 1(D)Si(1) + X121Si - 1(1)Si+1(1) + X2 Si(0)Si+ 1) + X222)
+ X20S%- 1(£)SA(E) + X025 1(1)SE 1 (1) + X022S2(1)S+ 1 (D), (14)

X110= (T2 — Tg— 20+ T26) /4, X101 = (Ta—T6— T2+ 124) /4, Xo11 = (T10— T2~ T16+ T18)/4,
Xa11 = (T} — T3 —I7+Tg+ 19— Iy — a5 +127)/8 — Xon1,

X121 = (f1 = I3+ 17— T9—T19+ Iy —Tz5+T27)/8 — X101,

X112 = (1 + T3 —T7—To—TI19— Iy +Tz5+T27)/8 — X110,

X220 = (X2 I'g + o0+ I26) /4 — X200 — X020 — X000

Xa02 = (T4 + T+ 22+ T24) /4 — X200 — X002 — Xo00s

X022 = (T10+ 12+ 16+ T18) /4 — X200 — Xo20 — X0005

X222 = (1 + T34 17+ T9+ 19+ Ip1 + a5+ T27)/8 — Xp20 — X202 — Xo22 — X200 — X020 — X002 ~ X000
X000 =T14 X200 = (T's +T23)/2 = X000, Xo20= (11 +17)/2 — X000, Xo02 = (T13+ 15)/2 — Xo00-

1s)

The spatio-temporal patterns are banded binary Wolfram CA, that is the spatio-temporal
patterns of CA42 by {—1, 1} are separated by gray stripes. These patterns are a developed
version of class 2 in CA;3 from class 2 of CA;2 [1]. These patterns cannot be generated within
CA;? of the Wolfram type.
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Ghder = Wolfram
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X Coeff. = 2nd. Ath, 6th Order Only: Same Sceds

Figure 2 Patterns of Locally Binary CA in CA;}

From eq. (14), if X;10=Xy12, X101 = X121, and Xo;; = X1, then f(S;_(t), Si(t), S;+ (t)) includes
the term (x;10S;i-1(6)Si(t) + X101Si - 1())S; + 1(t) + Xo11Si(D)S; + 1())(1 + S 1()SA(1)S?+ 1(t)). This fact
implies that the decomposed factor X;;0S;-1(t)Si(t) + X10:1Si - 1(t)Si+ 1(t) + Xo11Si(t)S; 4 () is al-
ways significant, because another factor (14 S (t)Si2(t)S?, (t)) takes the value 1 when at
least one of input triplet cells takes the value 0, and that takes the value 2 when all the input
triplet cells take the value —1 or 1. The other terms of eq. (14), X»0S? 1 (t)S(t) + X282,
(t)S% 1(t) + X022S2(t)S%, 1 (t), behave like a binary {0, 1} CA. Thus we know that localized
patterns are generated by the terms X;10S;—1(t)Si(t) + X101S; - 1(£)Si+ 1(t) + Xo11Si(t)S; + 1 (t).

Spatio-temporal patterns of Figure 3 are true ternary patterns. except for the top Lin-
Sam1 (4™ horizontal row) and LinSam3 (6" horizontal row) clearly show locally ternary pat-
terns. The third picture of LinSam1 shows the behavior of class 4 on chaotic temporal de-
velopment of cell states (class 3). The pictures on the top row are binary patterns, namely,
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spatio-temporal patterns of CA;2by { — 1, 1} with random boundary conditions. These bina-
ry patterns are a part of Wolfram CA patterns, but the boundary conditions are different.
The Rloc and LinSam are the name for several groups that are explained below.

Rloc26 means that r,=r,=rs=r,0=r;; =r13=1 for { — 1, 0} triplets, r3=1;=r9=Tr19=T1y;
=r1,5=0 for {—1, 1} triplets, rjs=r;;=r;g=r;3=ra=I5= —1 for {0, 1} triplets, two —Is,

Wolfram Examples

2
Example Number

Figure 3 Selected Spatio-Temporal Patterns in CA3?
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two 0s, and two 1s for {rs, g, I13 16, 20, T2}, and (ry, 14, I27)€{(—1, 0, 1), (— 1, 1, 0), (O,
-1,1,(@,1, -1), (1, —1,0), (1, 0, —1)}. Rloc23 means that r,=ry=r5=r1;0=1,;=113=0
for {—1, 0} triplets, r;=r;=ro=r;9=Ty; =1,5= — 1 for {—1, 1} triplets, r;s=r;7=r;g=ry=
s =r,6=1 for {0, 1} triplets, two — 1s, two Os, and two 1s for {rg, rg, r12 16, 20, 22}, and (ry,
rs, I7)€{(-1,0,1,(-1,1,0), 0, -1, 1), 0, 1, —1), (1, —1,0), (1,0, —1)}. The name
LinSam means that the X;q9, X010 and Xgo; coefficients of the linear terms are all zero. The rule
LinSam satisfies that rs=r,3, r;; =ry7, and r;3 =r;5, from the equation (9) which denotes the
relationships between x coefficients and rule components r; (i=1, 2, ..., 27). The rule compo-
nents that are not specified in Table 2 are used as parameters that take one of the values
{—1, 0, 1}. The rule components rs (=r), ry; (=r17), and r;3 (=r;5) also take the value of
one of integers — 1, 0, and 1. The other rule components for LinSam1-6 are listed in Table 2.

Table 2 List of LinSam 1 to LinSam 6 Conditions

LinSam 1 ’ LinSam 2 ‘ LinSam 3 1 LinSam 4 { LinSam 5§ ‘ LinSam 6
X100=Xo10=X001 =0, [X100=(—Ts+123)/2, Xo10=(—T11+T17)/2, Xo01 =(—T13+115)/2]
=ryy=r7=0 n=1,14=0, ry=—-1 :;7==1,_r14= ~lorl r=r,=r1y7=0 ;:4:&:;8‘ 1
[3=I7=T9=T19=T =TI5=0 =1=rp=1, rg=r;=rs=—1
1,=r4=0 1,=1=0 1,=1,=1%=0 =0

The LinSam1-6 rules generate wide range of patterns in addition to the patterns shown
in Fig. 3. Figure 4 shows the patterns obtained for the propagating local structures and their
collisions. These patterns are selected from the LinSam 3 pictures. As seen from Fig. 4, there
are many types of propagating local structures. For example, some propagating local struc-
tures are large, some of them are like sea waves, some of them propagate while emitting
beams, some of them show an alternation of appearing and disappearing of local structures
in a wavy sea, and some show complicated local structures that propagate in a chaotic man-
ner.

We expect that the fastest propagation of a local structure is 1 site-shift per unit time
from the recurrence equation (eq. (1)) for neighborhood three CA. The propagation veloci-
ties for larger local structures are slower than 1 site-shift per unit time. The propagation
velocity of 1 site-shift per unit time is seen in the dislocations included in wavy lines.
However we recognize that the wavy lines are faster propagators than the velocity of 1 site-
shift per unit time. The wavy lines are modification of horizontal stripe lines just like the
birth-death process. The horizontal lines mean an infinite limit of the structure propagation.
The wavy lines therefore move faster than 1 site-shift per unit time. Thus a faster case than 1
site-shift per unit time only occurs for wavy lines. Hence we knew that the wavy lines form
quite a large-scale structure with respect to the space direction.

In the Rloc26 rule, every binary triplet input gives an output of excluding integers except
for the input triplets (—1, —1, —1), (0, 0, 0), and (1, 1, 1). Thus it is expected that the
Rloc26 rule may not cause any large local structures. This rule produces wavy lines or vertical
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Figure 4 Propagating Local Structures in LinSam Spatio

since the rule requires rapid change of state in each cell.

stripe lines like standing solitons,

But the Rloc26 rule generates

Actually the Rloc26 rule generates many such kind of patterns.
chaotic triangular patterns that are seen in Wolfram CA

[71. The chaotic triangle patterns are

and gray triangles [7]. This should be a feature expected from the

black,
exclusion property of the Rloc26 rule.

consisting of white,

The patterns of ternary cellular automata are similar to those of binary cellular automa-

ta worked by Wolfram [

temporal patterns are typi-
3. We have not inspected the all

, but probably we have explored the major pat-

5]: triangles appearing in chaotic spatio

cal in CA;2. We cannot say what is a typical pattern in CA;

3

the patterns generated by the rules of CA;
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terns of CA;3. We may explain the patterns in CA;3 by the some manipulation of the patterns
generated by CA;2. This is expected from the written form of the rule, eq. (10). The remain-
ing point is how to predict what type of spatio-temporal pattern a given rule will generate.

4. Conclusion

We have studied a selection of the spatio-temporal patterns for ternary CA with three
neighbors on a strategy to investigate, because there are 7.6256 X 10'2 the entire discrete func-
tions (i.e., rules). Our strategy in the current study is based on the x,4, coefficients appearing
in eq. (6). We eliminate the linear terms of eq. (6). The banded binary CA patterns appear
when we eliminate the 1st, 314, 5t order of eq. (6). LinSam was just named for setting the
linear terms represented with the summation of rule components (see Table 2) to be zero.
The LinSam rules can generate complicated spatio-temporal patterns shown in Figs 3 and 4.
We furthermore used a guideline to reduce the computation load, viz. an even assignment of
rule components to the integers { —1, 0, 1}. In other words, the 27 rule components in CA3
were assigned so that 9 of them are — 1, 9 of the remaining 18 components are 0, and finally
the remaining 9 components are 1. Then, for example, the number of generated patterns was
5192 in LinSam1 rules [6]. Consequently, we were able to avoid having many trivial spatio-
temporal patterns in CAj3. There exist 7.6256 X 10!2 rules as mentioned, so we have investi-
gated a few of them. From the well-known Wolfram work [5], we knew that many rules
generate the same pattern or quite similar patterns, apart from a short initial transient. Our
strategy used here avoids this repetition. However we need to know what kind of rules gener-
ate the same pattern or almost the same pattern in order to understand the feature of ternary
cellular automata. This remains a task for our future investigations.
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