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On the extensions of the cyclic p-groups

Katsusuke SEKIGUCHI

Abstract: Let ¢ be a faithful irreducible character of the cyclic group C, of order p”, where p is an odd prime.
We study the p-group G containing C, such that the induced character ¢ is also irreducible. The purpose of this

paper is to study the subgroup Ng(Ng(Ng(C,))) of G.
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1. Introduction

Let G be a finite group. We denote by Irr(G) the set of
complex irreducible characters of G and by FIrr(G) (C
Irr(G)) the set of faithful irreducible characters of G.

Let p be a prime. For a non-negative integer n, we
denote by C, the cyclic group of order p". Further, we
denote by Q,, D, and SD, the generalized quaternion
group, the dihedral group of order 2"*! (n=2) and the
semidihedral group of order 2"*! (n=3), respectively.

When G is a p-group, for any y € Irr(G), there exists a
subgroup H of G and a linear character ¢ of H such that
G =y. If we set N=Ker ¢, then N<IH and ¢ is a faithful
irreducible character of H/N=C,, for some non-negative
integer n. In this paper, we will consider the case when N
=1, that is, ¢ is a faithful linear character of H=C,,.

We consider the following:

Problem A. Let p be an odd prime, and ¢ be a faithful
irreducible character of C,. Determine the p-group G such
that C,C G and the induced character ¢ is also irreduci-
ble.

Since all the faithful irreducible characters of C, are al-
gebraically conjugate to each other, the irreducibility of
¢C (¢ €EFIrr(C,)) is independent of the choice of ¢, and
depends only on 7.

This problem has been solved in each of the following
cases:

1) GG (12D,

(2) G has a subgroup H containing C, such that C,<\H

and [G: H]=p ([5]).
See also [8] and [9].

On the other hand, when p=2, Yamada and lida [3]

considered the following:

Problem B. Let ¢ be a faithful irreducible character of
H, where H=Q,, or D, or SD,. Determine the 2-group G
such that HC G and the induced character ¢° is also ir-
reducible.
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Yamada and Iida [3] solved Problem B in the case when
[G; H]=2 or 4 and we have solved it when [G; H] =8 ([6])
for all H=Q, or D, or SD,.

Moreover, we have recently solved Problem B complete-
ly ([7]). In [7], we showed that

G =Ns(H) or No(Ng(H)),
for all H=Q, or D, or SD,, if G satisfies the conditions of
Problem B. Here, as usual, Ng(H) and Ng(Ng(H)) are the
normalizers of H and Ng(H) in G, respectively. This
means that, if we define subgroups of G by

M,=Ngy(H), and M, = NgM,), for i=1,
then

HCM,CM,=M;=M,=--=G,
for all H=Q, or D, or SD,.

In this paper, we consider Problem A. We also define

subgroups of G by

N;=Ngx(C,), and N;;,=Nx(N;), for i=1.
The purpose of this paper is to study the group N;=Ng
(NG(NG(Cp)))-

Throughout this paper, Z and N denote the set of ra-
tional integers and the natural numbers, respectively.

2. Statements of the results

For the rest of this paper, we assume that p is an odd
prime.
First, we introduce the following groups:
(i) G(n, m)=<a,b,,> with
a”"=bt"=1, bab,'=a""""", (m=n-—1).
(ii) G(n, m, t)=<a, b, v,>(>G(n, my=<a, b,,>) with
a”=b""=1, b,ab,,'=a' """,
vav, '=a """ e
VW'=by, 0o, '=b,, (@Am=n,1=t=m).
(i) G(n, 1,1, 1)=<a, by, vy, x>(>G(n, 1, 1)
={a, by, v,)) with
a”"'=b¥=1, biab; '=a"*"?"", viav; ' =a' "D,
W=by, v,bv; ' =by, xax '=a'"""
xvix '=v, xbjx '=b, (1=n).
We can see that G(n, m, t) (resp. G(n, 1, 1, 1)) is an ex-
tension group of G(n, m) (resp. G(n, 1, 1)) by using
Proposition 1 below:

3
U1, xpzvls

Proposition 1. Let N be a finite group such that G >N
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and G/N=<{uN) is a cyclic group of order m. Then u"=c
EN. If we put a(x)=uxu~!, x€N, then g € Aut(N) and
@) a"(x)=cxc™!, (xEN) (i) a(c)=c.

Conversely, if a € Aut(N) and c € N satisfy (i) and (ii),
then there exists one and only one extension group G of N
such that G/N=<{uN) is a cyclic group of order m and
g(x)=vxv~ ! (x€N) and v"=c.

Proof. For instance, see [10, III, §7].

We now state the known results concerning Problem A.

Theorem 0.1 (Iida [2]). Let G be a p-group which con-
tains C, as a normal subgroup of index p™. Let ¢ <
Flrr(C,). Suppose that $° €Irr(G). Then m=n—1, and G
=G(n, m).

Corollary 0.2. Let G be a p-group which contains C,.
Let ¢ €FIrr(C,). Suppose that ¢°<€1Irr(G). Then N\=
G(n, m).

Theorem 0.3 ([5]). Let G be a p-group which contains
C,, and let ¢ €FIrr(C,). Suppose that [G: C,]=p™"*1, ¢°
€1Irr(G), and n—3>2m. Further, suppose that there ex-
ists a subgroup H of G such that H>C, and [G: H]=p.
Then

1) G=G(n,m+1)

2 G=G(n,m,l)

G.

if C, is a normal subgroup of G.
if C, is not a normal subgroup of

Theorem 0.4 ([81). Let p be an odd prime. Let G be a
p-group which contains C,=<a). We assume that [G: C,]
>p3. Define the subgroups of G by

N,=Ngx(C,), and N; ., =Ngz(N), fori=1, 2.
Let ¢ €FIrr(C,) and 7=n. Suppose that $° € Irr(G), and
[Ny: C,l=p. Then
(1) N/N,=C
2) Ny/N,=C,

and N,=G(n, 1,1),
and N;=G(n, 1,1, 1).

Recently, we have determined the subgroup N, = Ng(Ng
(C)-

Theorem 0.5 ([91). Let p be an odd prime. Let G be a
p-group which contains C,=<a). Suppose that ¢S € Irr(G)
for any ¢ EFIrr(C,). Suppose further that 4m =n, where
[Ny: C,l=p™. Then

(1) No=NoWN(C)=G(n, m, 1), if [G: N\

=p'=p" .

(2) N=NoWNa(C)=G(n, m, m), if [G: NiJ=p".

REMARK 1. Conversely, it is easy to see that the groups
G(n, 1, 1) and G(n, 1, 1, 1) satisfy the condition (EX, C),
which is defined in section 3 of this paper. Hence these
groups satisfy the conditions of Problem A.

Our main theorem is the following:

Theorem. Let p be an odd prime. Let G be a p-group
which contains C,=<a). Suppose that ¢S €1rr(G) for any

¢ €FIrr(C,). Suppose further that 6m = n, where [N,: C,]
=p™. Then

(1) N;3/N,=Ng(N,)/N,=C, for some rEN, r=m.

(2) Suppose that N,=<a, b, v), then there exists g €N,
such that Ny=<a, b, v, g>, and g satisfies the following re-
lations:

gag’l _ al+kp”’z””'vp””', gvg’l =y,

for some kE€Z, (k,p)=1.

For the rest of this section, we state some results con-
cerning the criterion of the irreducibilities of induced
characters and others, which we need in section 3.

We denote by {={,» a primitive p”th root of unity. It is
known that, for C,=<a), there are p" irreducible charac-
ters ¢, (1=v=p") of Cp,:

o) =C", (1=i=p".
The irreducible character ¢, is faithful if and only if (v, p)
=1.
We will need the following result of Shoda (cf [1, p. 329]):

Proposition 2. Let G be a group and H be a subgroup
of G. Let ¢ be a linear character of H. Then the induced
character ¢S of G is irreducible if and only if, for each x €
G-H={9g€Glg¢H}, there exists hexHx 'NH such
that ¢(h)# ¢(x1hx). (Note that, when ¢ is faithful, the
condition ¢(h)# ¢(x~1hx) holds if and only if h+#x~hx).

Using this result, we have the following:

Proposition 3. Let<{a)=C,CG, and ¢ be a faithful ir-
reducible character of C,. Then the following conditions
are equivalent:

(1) ¢C is irreducible,

(2) For each x€ G— C,, there exists y<<{a) Nx{ayx~!

such that x~yx+#y.

DEFINITION. When the condition (2) of Proposition 3
holds, we say that G satisfies (EX, C).
Let H be a group. For a normal subgroup N of H, and
any g, h€ H, we write
g=h (mod N),
when g~!h€N. For an element g < H, we denote by |g|
the order of g.

3. Proof of Theorem

Let N;=Ngx(C,), N;=Ng(N;), and N;=Ng(N,).
Then, by [2], we an take an element b,,€EN,—C,={g €
N,|g ¢ C,} such that
N,=<a, b,la”"=b%'=1, buab,,'=da""""">=G(n, m).

Hereafter, we use the notation b instead of b,,. These
elements ¢ and b satisfy the following

Lemma 1 ([9]) Suppose that n=2m, then the follow-
ing equalities hold for any i, j, k€Z and xEN.

(i) ab” '=b"""'a (mod<a” ")). O=t=m).

(ii) ba?"b '=a*".
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(ii) bla’b =gt ",

(lV) (aibj)x= aix+ijp"”"(x(X* l)/2)bxj
(v) (@b?'y'=a" 0=t=m).
(vi) (a'bP"Y R =g kORI (0=t = m).

On the other hand, by [9], we can take d€Z, and v,, €
N,—N;={g&€N,|géN;} such that (d, p)=1 and a,=a?,
b and v,, generate N,. Moreover, N,= G(n, m, m). That is,

N,={ay, b, v,)=G(n, m, m),
with
al’'=b""=1,

— n—2m
vmav, ' =al?" b,

ba;b '=al”"",
v¥'=b, wv,bv,'=b.

Hereafter, we use the notation a (resp. v) instead of a;
(resp. v,).

Concerning to these elements a, b, v we can prove the
following

Lemma 2 ([9]) Suppose that n=4m, then the follow-
ing equalities hold for any i, jJEZ and xEN,

(i) wva?"v '=a"".

(ii) var'=a'"P" "D,

(iii) (afv/)xEaix+fjp"*M(x(x—1)/2)bij(x(x—1)/2)vxj (mod <" ").

(iv) (@7V"=a”'b’ (mod<{a®" ™).

(v) (@vy"=a?"

Let f: N;—>N3/N, be a natural epimorphism of groups.
For g € N;, we write o(g) for the order of f(g) in N;/N;.

Define p"=max{o(g)|g € N;}, and take an element g, €
Nj; such that o(go) =p™. Hereafter we fix the element g.
Then we can show the following:

Claim L. (i)
(i) For any g € Ns, there exist integers sy, ki, ji, satis-
Sfying (ki, p)=(J1, p) =1, such that the following equalities
hold:
(@Qafa®g) ' =a' 7T R
(@gqo@g) ' =v,
where o(9)=p'.

Proof of Claim I. (i). Take an element g €Nj. and
let o(g) =p’. We will show that r=m.

By the same way as in the proof of [9], we can find s, €Z
such that (a®g)v(a®g) '=v. Set g,=a"g, and write g,ag; '
=dv.

Since g,a*"g; ' = (@V"" = a”", by Lemma 2 (v), we must
have (p, i)=1.

Define the abelian subgroup M of G by

M={<a”">x<b).

It is easy to see that N,/M is the abelian group. Further,
since 6m=n, by our assumption, we have g,a*" "g;'=
a” . So, we can see that g,Mg;'=M.

Since N,/M is the abelian group, we have va=av (mod
M). Using this relation repeatedly, we have

giaglflzai’vj(i”“rdrHl) (mod M),
for any /EN.
In particular,
gzlJ’ag;p’Eaiﬂ’v/(iﬂ”w»+i+l) (mod ]W)
But ¢¥"€ N, and N,/M is the abelian group, so,

rn=m.

giagi”=a (mod M).
Therefore we must have

i”=1 (mod p"~?*™), 6))
and
\apr . [ =1 \_

JEP T+ i+ 1)=J< 1 >:O (mod p™). (2)
By (1), we can write as i=1+i,p’, for some {;€Z and €
N.
So,

J@ it =j< - )Ejp'w, 3)
for some integer w, (p, w)=1.
Suppose that r=m + 1, then
J@ '+ - +i+1)=0 (mod p™).

This means that g% 'ag;” '€M and ¢¥" '€ N,, which con-
tradicts our hypothesis that o(g;)=p". Thus the proof of
Claim I (i) is completed.

(ii). By (1) and (3), we can write as i=1+k;pr=27"7,
and j=p™7j, for some integers k; and j;. We have

guagy ' =a' e, @
and
givg1 ' =v. ®)
Suppose that (p, j;) =p, then by the equality
cprol
J i 1)=j( ot >=jp'*wl, ©)

we can see that ¢? ' €N,, which contradicts the hypothesis
that o(g,;)=p’. So, we must have (p, j;)=1.
Suppose that (p, k) =p. Write as k; = k,p, for some k,E
Z. Since n=6m, we have
g g ="
Therefore
giag,'=a
for any /EN.
In particular,
gg"laglfp"l — a1+k,p”’2”"1v/'|p'"’1 — a1+kzp"’2”'v/',p”""
And

ggr*laprrnlg;pr*l _ apm+l(l+k]pn*2m*l) _ apm+|(1 + kopn=2m)

1+ lkeypn=2m-r pm=rj]
P vﬂ Il’

So, we can see that

@ Kadgr? ' nla>=<d"""".
On the other hand, since

vav '=a'""" "D,
we have

va" 'y =P AP,

So,

v R @ g e =u T @ TR )k =
which contradicts our hypothesis that G satisfies (EX, C).
Thus we must have (k;, p)=1. and we have completed the
proof of (ii).

Claim II. Nj is generated by a, b, v and go.

N;=<a, b, v, go).

Proof of Claim II. Take an arbitrary element 4z € Nj.
Let o(h)=p". Then we can find x; €Z, such that &, =a"h

satisfies the following equalities:
hlahfl — a1+d|pnfsz/,vdzpmf/|

and
howh '=v,
where (p, d;)=(p, dy)=1. Since ¢, =r,, we can take an ele-
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ment u<<a, b, v, g§° "> such that
u lau=aqa'ter e
and
u ou=v,
where (p, e))=(p, e;)=1. Let y be the integer satisfying
e;y=—d, (mod p™*"), and set u; =w’. Then
up auy=g!teor yert = gl ey T,
and
ui 'ou;=v.
Therefore we have
ul—l(hlahl—l)ul :u;l(al+d,p"’2'""|vdzﬂ'""')ul
=al+(e,_y+d1)p"’z'””l €<a>.
This means that u; 'h; € Ng(C,) =N, so we have h, €<a,
b, v, go> . This complete the proof of Claim II.
Finally, we show the rest of the proof of the theorem.
Let

goage ' =al ke e
and
govge ' =0,
where (p, ko) = (p, jo)=1. Since (o, p) =1, we can find the
integer ¢ such that
Joc=1 (mod p
Then, if we put g, = g6, we get
glagl—I = g k"o p ey — L chapt oy pn
and

giwgr ' =v

m+r“)

Thus the proof of the theorem is completed.
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